In this paper, some existence theorems are obtained for subharmonic solutions of second-order Hamiltonian systems with linear part under non-quadratic conditions. The approach is the minimax principle. We consider some new cases and obtain some new existence results. MSC: 34C25; 58E50; 70H05
Introduction and main results
Consider the second-order Hamiltonian system u(t) + Au(t) + ∇F t, u(t) =  a.e. t ∈ R, (.)
where A is an N × N symmetric matrix and F : R × R N → R is T-periodic in t and satisfies the following assumption: 
Assumption (A) F(t, x) is measurable in t for every x ∈ R N and continuously differentiable in x for a.e. t ∈ [, T], and there exist a ∈ C(R
+
F(t, x) ≤ a |x| b(t), ∇F(t, x) ≤ a |x| b(t) for all x ∈ R N and a.e. t ∈ [, T].
When A = , system (.) reduces to the second-order Hamiltonian system u(t) + ∇F t, u(t) =  a.e. t ∈ R. They also considered the existence of subharmonic solutions and obtained the following result.
Theorem A (See [], Theorem ) Suppose that F satisfies (A) F(t, x) is measurable in t for every x ∈ R N and continuously differentiable in x for
a.e. t ∈ [, T], and there exist a ∈ C(R + , R + ) and b ∈ L  (, T; R + ) such that
F(t, x) ≤ a |x| b(t), ∇F(t, x) ≤ a |x| b(t)
for all x ∈ R N and a.e. Then system (.) has a sequence of distinct periodic solutions with period k j T satisfying k j ∈ N and k j → ∞ as j → ∞.
Recently, Ma and Zhang [] considered the following p-Laplacian system: u (t) p- u (t) + ∇F t, u(t) =  a.e. t ∈ [, T], (.)
where p > . By using some techniques, they obtained the following more general result than Theorem A. 
In this paper, we consider some new cases which can be seen as a continuance of our work in [] .
Next, we state our main results. Assume that r ∈ N ∪ {} and r ≤ N . Let λ i >  (i ∈ {, . . . , r}) and -λ i <  (i ∈ {r + s + , . . . , N}) be the positive and negative eigenvalues of A, respectively, where r and s denote the number of positive eigenvalues and zero eigenvalues of A (counted by multiplicity), respectively. Moreover, we denote by q the number of negative eigenvalues of A (counted by multiplicity). We make the following assumption:
Assumption (A) A has at least one nonzero eigenvalue and all positive eigenvalues are not equal to l
The Assumption (A) implies that one can find l i ∈ Z + := {, , , . . .} such that
For the sake of convenience, we set
Corresponding to (.), we know that there exist l i + , l i -∈ Z + such that
Moreover, set
and let h i  = min i∈{,...,r} {h i }. Then i  ∈ {, . . . , r}. Corresponding to (.), there exists l i  ∈ Z + such that
Theorem . Assume that (A) holds and F satisfies (A) , (.) and the following conditions.
(H) For some k ∈ N, assume that k satisfies
(H) Assume that one of the following cases holds:
where l i  and λ i  are defined by (.); 
where σ implies that σ k is independent of k. Then system (.) has a nonzero kT-periodic solution. Especially, for cases (H)() and (H)(), system (.) has a nonconstant kT-periodic solution.
Remark . For cases (H)()-(H)(), from (.) and (.), it is easy to see that the number of k ∈ N satisfying (.) is finite. Let m ∈ K be the maximum integer satisfying (.), where
Then K = {, , . . . , m}. Hence, Theorem . implies that system (.) has nonzero kTperiodic solutions (k = , , . . . , m). For cases (H)() and (H)(), since r = , (.) holds for every k ∈ N. Hence, Theorem . implies that system (.) has nonzero kT -periodic solutions for every k ∈ N.
Remark . In [], Costa and Magalhães studied the first-order Hamiltonian system
They obtained that system (.) has a T = π periodic solution under the following nonquadraticity conditions:
and the so-called asymptotic noncrossing conditions
where λ k- < λ k are consecutive eigenvalues of the operator L = -Jd/dt -A. Moreover, they also obtained system (.) has a nonzero T = π periodic solution under (.) and the called crossing conditions 
In our Theorem . and Theorem ., we study the existence of subharmonic solutions for system (.) from a different perspective. λ i (i ∈ {, . . . , r}) in our theorems are the eigenvalues of the matrix A. Obviously, it is much easier to seek the eigenvalue of a matrix. In Section , we present an interesting example satisfying our Theorem . but not satisfying the theorem in [] .
Theorem . Suppose that (A) holds and F satisfies (A) , (.), (H) and the following conditions:
(H) when r = , s >  and
Then system (.) has a sequence of distinct periodic solutions with period k j T satisfying k j ∈ N and k j → ∞ as j → ∞.
In the final theorem, we present a result about the existence of subharmonic solutions for system (.). Using a condition like (H) and similar to the argument of Remark . in [], we can improve Theorem B.
Theorem . Suppose that F satisfies (A), (.) and the following conditions:
(H) there exist positive constants m, ζ , η and ν ∈ [, p) such that
Then system (.) has a sequence of distinct nonconstant periodic solutions with period k j T satisfying k j ∈ N and k j → ∞ as j → ∞.
Some preliminaries
Let
Then H  kT is a Hilbert space with the inner product and the norm defined by
Then one has
Integrating (.) over [t -kT/, t + kT/] and using the Hölder inequality, we obtain
Hence, we have
The proof is complete.
-periodic in t, F(t, x) is measurable in t for every x ∈ R N and continuously differentiable in x for a.e. t ∈ [, T]. If there exist a ∈ C(R
+ , R + ) and b ∈ L p ([, T], R + ) (p > ) such that ∇F(t, x) ≤ a |x| b(t), ∀x ∈ R N , a.e. t ∈ [, T], (.) then c(u) = kT  F t,
u(t) dt is weakly continuous and uniformly differentiable on bounded subsets of H
In fact, in its proof, it is not essential that
We use Lemma . below due to Benci and Rabinowitz [] to prove our results. Then ϕ possesses a critical value c ≥ α which can be characterized as
Lemma . (see [] or [, Theorem .]) Let E be a real Hilbert space with E
where
Remark . As shown in [], a deformation lemma can be proved with replacing the usual (PS)-condition with condition (C), and it turns out that Lemma . holds true under condition (C). We say ϕ satisfies condition (C), i.e., for every sequence
Proofs of theorems
Proof of Theorem . It follows from Assumption (A) that the functional ϕ k on H  kT given by
is continuously differentiable. Moreover, one has
kT and the solutions of system (.) correspond to the critical points of ϕ k (see [] ).
Obviously, there exists an orthogonal matrix Q such that
Let u = Qw. Then by (.),
that is,
Then the critical points of ψ k correspond to solutions of system (.). It is easy to verify that ϕ k (u) = ψ k (w) and G satisfies all the conditions of Theorem . and Theorem . if F satisfies them. Hence, w is the critical point of ψ k if and only if u = Qw is the critical point of ϕ k . Therefore, we only need to consider the special case that A = B is the diagonal matrix defined by (.). We divide the proof into six steps.
Step : Decompose the space H  kT . Let
Note that 
Remark . When k = , it is easy to see H + T = {}.
Step : Let
Next we consider the relationship between q k (u) and u on those subspaces defined above. We only consider the case that (H)() holds. For others, the conclusions are easy to be seen from the argument of this case. 
Remark . Obviously, if one of (H)() and (H)() holds, then H
Since for fixed i ∈ {, . . . , r},
Moreover, it is easy to verify that
Remark . From the above discussion, it is easy to see the following conclusions: (i) if (H)() holds, then (.) holds with
(ii) if (H)() holds, then (.) holds with
(iii) if (H)() holds, then (.) holds with
; http://www.boundaryvalueproblems.com/content/2013/1/139 (iv) if (H)() holds, then (.) holds with
(v) if (H)() holds, then (.) holds with
(vi) if (H)() holds, then (.) holds with
Obviously, when k = , u = . So q  (u) = . When k > , it follows from
Step : Assume that (H)() holds. We prove that there exist ρ k >  and b k >  such that
. http://www.boundaryvalueproblems.com/content/2013/1/139
For cases (H)() and (H)()-(H)(), correspondingly, by (H) and Remark ., similar to the above argument, we can also obtain that
Step : Let
kT , s  and s  will be determined later. In this step, we prove ϕ k | ∂Q k ≤ . We only consider the case that F satisfies (H)(). For other cases, the results can be seen easily from the argument of case (H)().
Assume that F satisfies (H)(). Let
Case (i): if
then we choose
By (H)(), (.) and the periodicity of F, we have
kT is the finite dimensional space, there exists a constant K k >  such that
By (.), (.), (.), (.) and (.), we know that for all s >  and u = u
Hence,
By (H)(), (.) and the periodicity of F, we have 
Combining cases (i), (ii) and (iii), if we let
Thus, it follows from (.) and (.) that ϕ| ∂Q k ≤  < b k . http://www.boundaryvalueproblems.com/content/2013/1/139
Step : We prove that ϕ k satisfies (C)-condition in H  kT . The proof is similar to that in Theorem . in [] . We omit it.
Step : We claim that ϕ k has a nontrivial critical point
Especially, we claim that, for cases (H)() and (H)(), since A is a positive semidefinite matrix, (.) implies that u k is nonconstant.
In fact, it is easy to see that
kT is the linear self-adjoint operator defined, using the Riesz representation theorem, by
In order to use Lemma ., we let = I -K and define i :
Since K is a self-adjoint compact operator, it is easy to see that i (i = , ) are bounded and self-adjoint. Let Proof of Theorem . Obviously, when r = , s >  and s < N , (H) holds for any k ∈ N. Moreover, since (H) implies that (H)() and (H) implies that (H), system (.) has kT -periodic solution for every k ∈ N.
. Like the argument of case (ii) in the proof of Theorem ., choose
By (H) , (.) and the T-periodicity of F, we have . Similar to the argument in Example ., we obtain (H) also holds. Then by Theorem ., system (.) has a sequence of distinct periodic solutions with period k j T satisfying k j ∈ N and k j → ∞ as j → ∞. 
